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We consider multiple parallel Markov decision processes (MDPs) coupled by global constraints, where the time
varying objective and constraint functions can only be observed after the decision is made. Special attention
is given to how well the decision maker can perform in T slots, starting from any state, compared to the best
feasible randomized stationary policy in hindsight. We develop a new distributed online algorithm where
each MDP makes its own decision each slot after observing a multiplier computed from past information.
While the scenario is significantly more challenging than the classical online learning context, the algorithm
is shown to have a tight O(VT) regret and constraint violations simultaneously. To obtain such a bound, we
combine several new ingredients including ergodicity and mixing time bound in weakly coupled MDPs, a new
regret analysis for online constrained optimization, a drift analysis for queue processes, and a perturbation
analysis based on Farkas’ Lemma.
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1 INTRODUCTION

This paper considers online constrained Markov decision processes (OCMDP) where both the
objective and constraint functions can vary each time slot after the decision is made. We assume a
slotted time scenario with time slots ¢ € {0,1,2,...}. The OCMDP consists of K parallel Markov
decision processes with indices k € {1,2,...,K}. The k-th MDP has state space S® | action
space AK), and transition probability matrix szk) which depends on the chosen action a € AK).
Specifically, Pf,k) = (Pék)(s, s’)) where

P®(s,s") = Pr (sii)l =5’ sik) =s, agk) = a) ,
where sgk) and a(tk) are the state and action for system k on slot t. We assume that both the state
space and the action space are finite for all k € {1,2,--- ,K}.
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After each MDP k € {1,..., K} makes the decision at time ¢ (and assuming the current state is

sik) = s and the action is a(tk) = a), the following information is revealed:

(k)

(1) The next state s, .

(2) A penalty function ft(k)(s, a) that depends on the current state s and the current action a.

(3) A collection of m constraint functions gikt) (s,a),..., gfr]f’ )t (s, a) that depend on s and a.

The functions ft(k) and gg’kt) are all bounded mappings from S% x A% to R and represent different
types of costs incurred by system k on slot t (depending on the current state and action). Note that

in our model, the functions ft(k) are arbitrary time-varying processes with no assumed probability
(k)

structure. The constraint functions 9it
unknown distributions.

One concrete example of the above model is a multi-server data center, where the different
systems k € {1, ..., K} can represent different servers, the penalty function for a particular server k
can represent monetary expenditure for the power on that server, whose per unit price can change
arbitrarily over time, and the constraints can represent service rate requirements on these servers
to balance the job arrivals. Coupling among the server systems comes from using all of them to

collectively support a common stream of arriving jobs. We will detail this example in Section 1.1.

are time-varying but are assumed to be i.i.d. over slots with

A key aspect of this general problem is that the functions ft(k) and gl(kt) are unknown until after
the slot ¢ decision is made. Thus, the precise costs incurred by each sys;[em are only known at the
end of the slot. For any fixed time horizon of T slots, the overall penalty and constraint accumulation
resulting from a policy & is:

T
Fr(d, ) = E< SS9 (o5 @) o
=1 k=1
and
T K
Gi,T(d07 e@) = E(Z Z gfi) (agk)’ sgk)) do, «@),
=1 k=1

where d represents a given distribution on the initial joint state vector (sél), e, s(()K)). Note that
(agk),sgk)) denotes the state-action pair of the kth MDP, which is a pair of random variables

determined by dy and &. Define a constraint set
g:: {(gz,do)l Gi,T(do,g@)SO, i=1,2,---,m}. (2)

Define the regret of a policy & with respect to a particular joint randomized stationary policy IT
along with an arbitrary starting state distribution d; as:

FT(dO’ ‘@) - FT(dO’ H)7

The goal of OCMDP is to choose a policy & so that both the regret and constraint violations
grow sublinearly with respect to T, where regret is measured against all feasible joint randomized
stationary policies IT. An important feature of this “weakly coupled” MDP structure is that, while the
total state space (s, - - -, s8)) grows exponentially in the number of subsystems K, our solution
can be implemented separately at each system i € {1, ..., K} with complexity that depends only on
the size of the individual system state s\, rather than the product of sizes across all systems.
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1.1 A motivating example

Consider a data center with a central controller and K servers (see Fig. 1). Jobs arrive randomly
and are stored in a queue to await service. The system operates in slotted time t € {0,1,2,...} and
each server k € {1,...,K} is modeled as a 3-state MDP with states active, idle, and setup:

o Active: In this state the server is available to serve jobs. Server k incurs a time varying
electricity cost on every active slot, regardless of whether or not there are jobs to serve. It
has a control option to stay active or transition to the idle state.

e Idle: In this state no jobs can be served. This state has multiple sleep modes as control options,
each with different per-slot costs and setup times required for transitioning from idle to
active.

e Setup: This is a transition state between idle and active. No jobs can be served and there are
no control options. The setup costs and durations are (possibly constant) random variables
depending on the preceding chosen sleep mode.

The goal is to minimize the overall electricity cost subject to the constraint that the expected service
amount should be no less than the expected number of arrivals over any fixed time horizon T.

In a typical data center scenario, the performance of each server on a given slot is governed by
the current electricity price, which can be an arbitrary time-varying sequence that is unknown
beforehand, and the service rate, which can depend on the server state, service decision, and
unknown noise factors affecting service. This problem is challenging because:

o If one server is currently in a setup state, it has zero service rate and cannot make another deci-
sion until it reaches the active state (which typically takes more than one slot), whereas other
active servers can make decisions during this time. Thus, servers are acting asynchronously.

o The electricity price exhibits variation across time, location, and utility providers. Its behavior
is irregular and can be difficult to predict. As an example, Fig. 2 plots the average per 5
minute spot market price (between 05/01/2017 and 05/10/2017) at New York zone CENTRL
([1]). Servers in different locations can have different price offerings, and this piles up the
uncertainty across the whole system.

Despite these difficulties, this problem fits into the formulation of this paper: The electricity price
acts as the global penalty function, and stability of the queue can be treated as a global constraint
that the expected total number of arrivals is less than the expected service rate.

== LI

Fig. 1. Illustration of a data center server scheduling model.

A review on data server provision can be found in [14] and references therein. Prior data center
analysis often assumes the system has up-to-date information on service rates and electricity costs
(see, for example, [15] and [31]). On the other hand, work that treats outdated information (such as
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Fig. 2. A typical trace of electricity market price.

[23], [30]) generally does not consider the potential Markov structure of the problem. The current
paper treats the Markov structure of the problem and allows rate and price information to be
unknown and outdated.

1.2 Related work

e Online convex optimization (OCO): This concerns multi-round cost minimization with

arbitrarily-varying convex loss functions. Specifically, on each slot ¢ the decision maker
chooses decisions x(t) within a convex set X (before observing the loss function f*(x)) in
order to minimize the total regret compared to the best fixed decision in hindsight, expressed
as:

T T
regret(T) = ) f'(x(1)) ~min }_ f'(x).
t=1 t=1

See [18] for an introduction to OCO. Zinkevich introduced OCO in [39] and shows that
an online projection gradient descent (OGD) algorithm achieves O(T) regret. This O(T)
regret is proven to be the best in [19], although improved performance is possible if all convex
loss functions are strongly convex. The OGD decision requires to compute a projection of
a vector onto a set X. For complicated sets X with functional equality constraints, e.g.,
X ={xeX:gx(x) <0,k €{1,2,...,m}}, the projection can have high complexity. To
circumvent the projection, work in [8, 20, 24, 36] proposes alternative algorithms with simpler
per-slot complexity and that satisfy the inequality constraints in the long term (rather than on
every slot). Recently, new primal-dual type algorithms with low complexity are proposed in
[27, 35] to solve more challenging OCO with time-varying functional inequality constraints.
In particular, [35] also treats online convex optimization with stochastic i.i.d. constraints
but without any Markov structure. Thus, in the degenerate scenario where there is only one
state in the state-space SX), Vk, our problem (1)-(2) can be solved via the method proposed
in [35]. However, there is no prior work that addresses the general constrained online MDP
problem.

Online Markov decision processes: This extends OCO to allow systems with a more
complex Markov structure. This is similar to the setup of the current paper of minimizing the
expression (1), but does not have the constraint set (2). Unlike traditional OCO, the current
penalty depends not only on the current action and the current (unknown) penalty function,
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but on the current system state (which depends on the history of previous actions). Further,
the number of policies can grow exponentially with the sizes of the state and action spaces, so
that solutions can be computationally intensive. The work [12] develops an algorithm in this
context with O(VT) regret. Extended algorithms and regularization methods are developed
in [10][16][38] to reduce complexity and improve dependencies on the number of states and
actions. Online MDP under bandit feedback (where the decision maker can only observe the
penalty corresponding to the chosen action) is considered in [28][38].

e Constrained MDPs: This aims to solve classical MDP problems with known cost functions
but subject to additional constraints on the budget or resources. Linear programming methods
for MDPs are found, for example, in [3], and algorithms beyond LP are found in [7][26].
Formulations closest to our setup appear in recent work on weakly coupled MDPs in [6][32]
that have known cost and resource functions.

¢ Reinforcement Learning (RL): This concerns MDPs with some unknown parameters
(such as unknown functions and transition probabilities). The conventional setup of RL is
different from constrained online MDP considered in this paper. Typically, RL considers
decision making in an unknown but fixed probability structure (formulated as an MDP with
unknown state spaces and/or unknown transmission probabilities). For example, prior work
may assume the same expected penalty is incurred whenever we have the same state and
same action. Methods for RL are developed in [2][4][9][21][29]. In contrast, the constrained
online MDP studied in this paper assumes that state spaces and the transmission probabilities
of the underlying MDPs are known to us, and deals with unknown and arbitrarily varying
penalty functions for which there is no assumed probability structure.

1.3 Our contributions

The current paper proposes a new framework for online MDPs with time varying constraints. Fur-
ther, it considers multiple MDP systems that are weakly coupled. While the scenario is significantly
more challenging than the original Zinkevich OGD context as well as other classical online learning
scenarios, the algorithm is shown to achieve tight O(VT) regret in both the objective function
and the constraints, which ties the optimal O(VT) regret for those simpler unconstrained OCO
problems. Along the way, we show the bound grows polynomially with the number of MDPs and
linearly with respect to the number of states and actions in each MDP (Theorem 5.6).

The rest of the paper is organized as follows: In Section 2 we provide preliminary assumptions,
facts and give some intuitions on the algorithm design (Section 2.5). In Section 3, we present our
new algorithm along with the intuitions and roadmap of the analysis. In Section 4, we prove the
regret and constraint violation bounds with respect to all randomized stationary policies starting
from their stationary state distributions. Section 5 extends the result in the previous section by
considering all randomized stationary policies starting from arbitrary states. Finally, we conclude
the paper in Section 6.

2 PRELIMINARIES
2.1 Basic Definitions

Throughout this paper, given an MDP with state space S and action space A, a policy & defines
a (possibly probabilistic) method of choosing actions a € A at state s € S based on the past
information. We start with some basic definitions of important classes of policies:
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Definition 2.1. For an MDP, a randomized stationary policy 7 defines an algorithm which,
whenever the system is in state s € S, chooses an action a € A according to a fixed conditional
probability function x(als), defined for alla € A and s € S.

Definition 2.2. For an MDP, a pure policy 7 is a randomized stationary policy with all probabil-
ities equal to either 0 or 1. That is, a pure policy is defined by a deterministic mapping between
states s € S and actions a € A. Whenever the system is in a state s € S, it always chooses a
particular action a; € A (with probability 1).

Note that if an MDP has a finite state and action space, the set of all pure policies is also
finite. Consider the MDP associated with a particular system k € {1, ..., K}. For any randomized
stationary policy 7, it holds that ' ,c 7 7(als) = 1foralls € S (k). Define the transition probability

matrix ng) under policy 7 to have components as follows:

P®(s,s") = Z 7(als)P (s, 5", s,5" € SB), (3)
acAK)

It is easy to verify that PSTk) is indeed a stochastic matrix, that is, it has rows with nonnegative
components that sum to 1. Let d(()k) € [0,1] IS be an (arbitrary) initial distribution for the k-th
MDP. Define the state distribution at time ¢ under 7 as dfzk)t By the Markov property of the system,
we have dfrk)t = d(()k) (ng)) . A transition probability matrix ng) is ergodic if it gives rise to a Markov
chain that is irreducible and aperiodic. Since the state space is finite, an ergodic matrix ng) has a

unique stationary distribution denoted d,(,k), so that d;,k) is the unique probability vector solving
d=dp®.

AssumPTION 2.1 (UNICHAIN MODEL). There exists a universal integer ¥ > 1 such that for any
integerr > 7 and every k € {1,...,K}, we have the product PSZ?PE!? cee Psfkr) is a transition matrix
with strictly positive entries for any sequence of pure policies 71, 72, - - - , 7, associated with the kth

MDP.

REMARK 2.1. Assumption 2.1 implies that each MDPk € {1, ..., K} is ergodic under any pure policy.
This follows by taking my, 73, - - - , 7, all the same in Assumption 2.1. Since the transition matrix of
any randomized stationary policy can be formed as a convex combination of those of pure policies,
any randomized stationary policy results in an ergodic MDP for which there is a unique stationary
distribution. Assumption 2.1 is easy to check via the following simple sufficient condition.

PRrRoOPOSITION 2.3. Assumption 2.1 holds if, for every k € {1,...,K}, there is a fixed ergodic matrix
P*) (i.e, a transition probability matrix that defines an irreducible and aperiodic Markov chain) such
that for any pure policy & on MDP k we have the decomposition

PY = 5,P0 + (1-6,)Q,
where 8, € (0,1] depends on the pure policy = and Qgrk) is a stochastic matrix depending on .

Proor. Fix k € {1,..., K} and assume every pure policy on MDP k has the above decomposition.
Since there are only finitely many pure policies, there exists a lower bound i, > 0 such that
8z = Smin for every pure policy 7. Since P%) is an ergodic matrix, there exists an integer r*) > 0
large enough such that (P(*))" has strictly positive components for all 7 > r*). Fix r > r(*) and let
1, ..., 7 be any sequence of r pure policies on MDP k. Then

P PR > G (PV) > 0,
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where inequality is treated entrywise. The universal integer r can be taken as the maximum integer
r®) overall k € {1,...,K)}. ]

Definition 2.4. A joint randomized stationary policy II on K parallel MDPs defines an al-
gorithm which chooses a joint action a := (a(l), a® ... a(K)) e AV x AP ... x AK) given
the joint state s := (s(l), s@ .. s(K)) e S xS@ ... x SK) according to a fixed conditional
probability IT (a|s).

The following special class of separable policies can be implemented separately over each of the
K MDPs and plays a role in both algorithm design and performance analysis.

Definition 2.5. A joint randomized stationary policy 7 is separable if the conditional probabilities
= (77,'(1), @ ... JT(K)) decompose as a product

K
z(als) = [ [#® (a®1s®)
k=1

forallae AD x-.. x AK) ge SO ... x SK).

2.2 Technical assumptions

The functions f; *) and g( ) are determined by random processes defined over t = 0,1, 2, -
Specifically, let Q be a ﬁnlte dimensional vector space. Let {w,}t o and {y;};2 ) be two sequences of
random vectors in Q. Then foralla € AKX, s e S®) i e {1,2,--- ,m} we have

gl [(a S) ,' (a,s, wt)v
P s) = fO (a,5,1)

where ﬁ(k) and f (k) formally define the time-varying functions in terms of the random processes
w; and p;. It is assumed that the processes {«w;};2, and {y;};7, are generated at the start of slot 0

(before any control actions are taken), and revealed gradually over time, so that functions gi t and

ft(k) are only revealed at the end of slot .

REMARK 2.2. The functions generated at time 0 in this way are also called oblivious functions
because they are not influenced by control actions. Such an assumption is commonly adopted in
previous unconstrained online MDP works (e.g. [12], [38] and [10]). Further, it is also shown in [38]
that without this assumption, one can choose a sequence of objective functions against the decision
maker in a specifically designed MDP scenario so that one never achieves the sublinear regret.

The functions are also assumed to be bounded by a universal constant ¥, so that:

|§§k)(a,s,w)| <Vv, |f(k)(a,s,,u)| <Y ,Vke{l1,...,K},Vace ﬂ(k), s € S(k), Yo,p e Q. (4)

It is assumed that {w;};2 is independent, identically distributed (i.i.d.) and independent of {y;, Yoo
Hence, the constraint functions can be arbitrarily correlated on the same slot, but appear i.i.d. over
different slots. On the other hand, no specific model is imposed on {y;};2,. Thus, the functions

ft(k) can be arbitrarily time varying. Let H; be the system information up to time ¢, then, for any
€ {0,1,2,---}, H; contains state and action information up to time t, i.e. s, -+ , 8, ag, -+ ,ay,
and {w;};2, and {y;};2,. Throughout this paper, we make the following assumptions.
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AsSSUMPTION 2.2 (INDEPENDENT TRANSITION). For each MDP, given the state 5: € 8% and action
(k) € AX), the next state s§+)1 is independent of all other past information up to time t as well as the

Vj # k, ie, for alls € S® it holds that
Pr (s(k) = s|H,, sY t+1’ Vj# k) =Pr ( k) = sls(k) gk))

t+1 t+1

state transition si{rl,

where H; contains all past information up to time t.

Intuitively, this assumption means that all MDPs are running independently in the joint proba-
bility space and thus the only coupling among them comes from the constraints, which reflects the
notion of weakly coupled MDPs in our title. Furthermore, by definition of #;, given sgk) agk), the

next transition sg +)1 is also independent of function paths {w,};2, and {y;};2,.

The following assumption states the constraint set is strictly feasible.

ASSUMPTION 2.3 (SLATER’S CONDITION). There exists a real value n > 0 and a fixed separable
randomized stationary policy 7 such that

K
&) [ (k) (k
E Zgi,t) (t),SE ))
k=1

where the initial state is d7 and is the unique stationary distribution of policy 7, and the expectation

dﬁ’;f:| < _’79 VlE {1527“' 9m}s

is taken with respect to the random initial state and the stochastic function gglct)(a, s) (i.e., w;).

Slater’s condition is a common assumption in convergence time analysis of constrained convex
optimization (e.g. [25], [5]). Note that this assumption readily implies the constraint set G can be
achieved by the above randomized stationary policy. Specifically, take d(()k) =dzw and & = 7,

then, we have
T-1
k k
Girldy )= 3B zgw (. 5)
=0

2.3 The state-action polyhedron

dz 7| <-nT <0.

In this section, we recall the well-known linear program formulation of an MDP (see, for example,
[3] and [13]). Consider an MDP with a state space S and an action space A. Let A C RIS!IAl be a
probability simplex, i.e.

A=10eRISIAI, Z 0(s,a) = 1, (s, a) > 0
(s,a)eSxA

Given a randomized stationary policy 7 with stationary state distribution d,, the MDP is a Markov
chain with transition matrix P, given by (3). Thus, it must satisfy the following balance equation:

Z d;(s)P,(s,s") =d,(s"), Vs’ € S.
seS
Defining 6(a, s) = 7 (als)d,(s) and substituting the definition of transition probability (3) into the

above equation gives
Zze(sa ss)—ZO(s',a), ¥s' € S.
seSaeA aeA

The variable 0(a, s) is often interpreted as a stationary probability of being at state s € S and taking
action a € A under some randomized stationary policy. The state action polyhedron © is then
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defined as

0= {e eA: Z Z 0(s, a)Pa(s,s’) = Z 0(s’, a), Vs’ € S}.

seSaeA aeA
Given any 6 € ©, one can recover a randomized stationary policy  at any state s € S as

0(a, .
ﬂ(als) _ %, If ZaES’ﬂ 9(61, S) * 0,
0, otherwise.

()

Given any fixed penalty function f(a, s), the best policy minimizing the penalty (without con-
straint) is a randomized stationary policy given by the solution to the following linear program
(LP):

min {f, 0), s.t. 0 € ©. (6)

where f := [f(a, s)]4ea, ses- Note that for any policy 7 given by the state-action pair 6 according
to (5),

<f’ 9) = Es~d,,,a~7z(<|s) [f(a’ S)] s

Thus, (f, 0) is often referred to as the stationary state penalty of policy .

It can also be shown that any state-action pair in the set ® can be achieved by a convex combi-
nation of state-action vectors of pure policies, and thus all corner points of the polyhedron © are
from pure policies. As a consequence, the best randomized stationary policy solving (6) is always a
pure policy.

2.4 Preliminary results on MDPs

In this section, we give preliminary results regarding the properties of our weakly coupled MDPs
under randomized stationary policies. The proofs can be found in Appendix A.1. We start with a
lemma on the uniform mixing of MDPs.

LEMMA 2.6. Suppose Assumption 2.1 and 2.2 hold. There exists a positive integer r and a constant
T > 1 such that for any two state distributions dy and ds,

< VT

sup

9, 8

(d — ) pt) p) .. p)

n_l(k) ﬂ_z(k) ”ik)

(k) (k)
d1 _dz |

1’ Vk € {132’,K}
1

where the supremum is taken with respect to any sequence of r randomized stationary policies
{ﬂ(k) ﬂ(k)}
1 k) 9 r .

For the k-th MDP, let ©(F) be its state-action polyhedron according to the definition in Section 2.3.
For any joint randomized stationary policy, let 8X) be the marginal state-action probability vector
on the k-th MDP, i.e. for any joint state-action distribution ®(a, s) where a € AV x ... x AK)
ands € S x -+ x SK) we have K (k) k) = 2at),s0), jzk P(a,s).

We have the following lemma:

LEMMA 2.7. Suppose Assumption 2.1 and 2.2 hold. Consider the product MDP with product state
space SV x - - x SK) and action space AW x - - - x AK). Then, for any joint randomized stationary
policy, the following hold:

(1) The product MDP is irreducible and aperiodic.
(2) The marginal stationary state-action probability vector 0% ¢ @) vk e (1,2, ,K).
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An immediate conclusion we can draw from this lemma is that given any penalty and constraint

functions f*) and ggk), k =1,2,---,K, the stationary penalty and constraint value of any joint
randomized stationary policy can be expressed as

K K
£F) k)Y gk),g(k) Li=1,2,--,m,
§< ) ;(g )i m

with 8% € ©%)_ This in turn implies such stationary state-action probabilities {H(k)} can also
be realized via a separable randomized stationary policy 7 with

G(k)(a, s)
Yacamw 00 (a,s)’

and the corresponding stationary penalty and constraint value can also be achieved via this policy.
This fact implies that when considering the stationary state performance only, the class of separable
randomized stationary policies is large enough to cover all possible stationary penalty and constraint
values.

In particular, let 7 = (7%(1) e ir(K)) be the separable randomized stationary policy associated

70 (als) = ae AR se8W, (7)

with the Slater condition (Assumption 2.3). Using the fact that the constraint functions g i 0k =
1,2, ,K (ie. w;) are i.i.d.and Assumption 2.2 on independence of probability transitions, we have

the constraint functions g( )

Thus,
Z g(k) Ek))

where () corresponds to 77 according to (7).

Then, Slater’s condition can be translated to the following: There exists a sequence of state-action
probabilities {6 }kK=1 from a separable randomized stationary policy such that §%) € @), vk,
and

and the state-action pairs at any time ¢ are mutuallly independent.

be.7| - 33 a6,

k=1

K

Z<E( (k)) O(k)> <-n,i=12,---,m, (8)

k=1
The assumption on separability does not lose generality in the sense that if there is no separable
randomized stationary policy that satisfies (8), then, there is no joint randomized stationary policy
that satisfies (8) either.

2.5 The blessing of slow-update property in online MDPs

The current state of an MDP depends on previous states and actions. As a consequence, the slot
t penalty not only depends on the current penalty function and current action, but also on the
system history. This complication does not arise in classical online convex optimization ([18],[39])
as there is no notion of “state” and the slot ¢ penalty depends only on the slot ¢ penalty function
and action.

Now imagine a virtual system where, on each slot ¢, a policy 7, is chosen (rather than an action).
Further imagine the MDP immediately reaching its corresponding stationary distribution d,. Then
the states and actions on previous slots do not matter and the slot ¢ performance depends only on
the chosen policy 7; and on the current penalty and constraint functions. This imaginary system
now has a structure similar to classical online convex optimization as in the Zinkevich scenario
[39].
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A key feature of online convex optimization algorithms as in [39] is that they update their
decision variables slowly. For a fixed time scale T over which O(VT) regret is desired, the decision
variables are typically changed no more than a distance O(1/ VT) from one slot to the next. An
important insight in prior (unconstrained) MDP works(e.g. [10], [12], and [38]) is that such slow
updates also guarantee the “approximate” convergence of an MDP to its stationary distribution.
As a consequence, one can design the decision policies under the imaginary assumption that the
system instantly reaches its stationary distribution, and later bound the error between the true
system and the imaginary system. If the error is on the same order as the desired O(VT) regret,
then this approach works. This idea serves as a cornerstone of our algorithm design of the next
section, which treats the case of multiple weakly coupled systems with both objective functions
and constraint functions.

3 OCMDP ALGORITHM

Our proposed algorithm is distributed in the sense that each time slot, each MDP solves its own
subproblem and the constraint violations are controlled by a simple update of global multipliers
called “virtual queues” at the end of each slot. Let e @@ ... @& be the state-action polyhedra
of K MDPs, respectively. Let Hgk) € ©®) be a state-action vector at time slot t. At t = 0, each MDP
chooses its initial state-action vector Q(k) resulting from any separable randomized stationary policy

(k) . For example, one could choose a uniform policy 7 (a|s) = 1/ |ﬂ(k)| Vs € S solve the
equatlon d @ =d_ P (3«) to get a probability vector d_), and obtain 9(() )(a, s)=d_w(s)/ )ﬂ(k)|.
o T m, o o

For each constraint i € {1,2,---,m}, let Q;(t) be a virtual queue defined over slots t = 0,1,2,- - -
with the initial condition Q;(0) = Q;(1) = 0, and update equation:

Qi(t+1) = max{Q,(t +Z (g .0 0},\#6{1,2,3,...}, )

Our algorithm uses two parameters V > 0 and « > 0 and makes decisions as follows: At the start
of eachslot t € {1,2,3,---},

e The k-th MDP observes Q;(t), i = 1,2,---,m and chooses 9§k) to solve the following
subproblem:

Hik) = argming g <Vf k) Z 0i(t) gl,kt)—v 9> +a ”6 9<’<> H (10)

e Construct the randomized stationary policy 7'[( )

according to (5) with 6 = O(k) and choose
the action a(k) at k-th MDP according to the conditional distribution JT(k) ( Is(k)).

o Update the virtual queue Q;(t) according to (9) foralli = 1,2, -

REMARK 3.1. Note that for any slot t > 1, this algorithm gives a separable randomized stationary

policy, so that each MDP chooses its own policy based on its own function ft(k)l, gfkt) i€, 2, ,m},
and a common multiplier Q(t) := (Q1(t), - - , Om(t)). Furthermore, note that (10) is a convex quadratic

program (QP). Standard theory of QP (e.g. [34]) shows that the computation complexity solving (10)
is poly (|S(k)‘ |ﬂ(k)‘) for each k. Thus, the total computation complexity over all MDPs during each

round is poly (K |S(k)| |ﬂ(k)|).
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in (10) penalizes the deviation of @ from the previous

(k)
t-1

REMARK 3.2. The quadratic term o HG Q(k) ”

decision variable 915_)1. Thus, under proper choice of «, the distance between 9; ) and 0

very small, which is the slow update condition we need according to Section 2.5.

would be

The next lemma shows that solving (10) is in fact a projection onto the state-action polyhedron.
For any set X € R” and a vector y € R", define the projection operator Py (y) as

Px(y) = arginf, . vlIx = yll2.
LEMMA 3.1. Fixana > 0 andt € {1,2,3,---}. The 0; that solves (10) is

(k) (k) Wﬁk)
0" = Pow | 0,- — |

where w(® = VE") + ¥, 0s()glt) , e RIATIST
Proor. By definition, we have

o 0)+ o -a],

(wi"
=argming g <Wz ,0 — Q(k)> Hc9 Q(k)H
+ (Wi, o)

t’tl

—argmlngeg(k)

argmingeq - (w0~ 65 + o - 0]
< (k) g(k)>

[ > 7t-1
=argming gw « - ”0 G(k) + wtk)/Za”
—Pose (6 — w) | 20).
finishing the proof. O

3.1 Intuition of the algorithm and roadmap of analysis

The intuition of this algorithm follows from the discussion in Section 2.5. Instead of the Markovian
regret (1) and constraint set (2), we work on the imaginary system that after the decision maker
chooses any joint policy I1,; and the penalty/constraint functions are revealed, the K parallel Markov

chains reach stationary state distribution right away, with state-action probability vectors {9( } et

for K parallel MDPs. Thus there is no Markov state in such a system anymore and the corresponding
stationary penalty and constraint function value at time ¢ can be expressed as Zle <f,(k), QEk) ) and

f . <g§kt), G(k)> , 1=1,2,---,m, respectively. As a consequence, we are now facing a relatively
easier task of minimizing the following regret:
T-1 K T-1 K
Z ZE (k) Q(k) _ ZE (k) Q(k) 11)
=0 k=1 =0 k=1

where {G(k)} Lo, are the state-action probabilities corresponding to the best fixed joint randomized
stationary pohcy within the following stationary constraint set

K
G:={0%eo® ke12 Kt: > (B(gl)).0M) <0, i=12:- m} (12)

k=1
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with the assumption that Slater’s condition (8) holds.
To analyze the proposed algorithm, we need to tackle the following two major challenges:

e Whether or not the policy decision of the proposed algorithm would yield O(VT) regret and
constraint violation on the imaginary system that reaches steady state instantaneously on
each slot.

e Whether the error between the imaginary and true systems can be bounded by O(VT).

In the next section, we answer these questions via a multi-stage analysis piecing together the
results of MDPs from Section 2.4 with multiple ingredients from convex analysis and stochastic
queue analysis. We first show the O(VT) regret and constraint violation in the imaginary online
linear program incorporating a new regret analysis procedure with a stochastic drift analysis
for queue processes. Then, we show if the benchmark randomized stationary algorithm always
starts from its stationary state, then, the discrepancy of regrets between the imaginary and true
systems can be controlled via the slow-update property of the proposed algorithm together with the
properties of MDPs developed in Section 2.4. Finally, for the problem with arbitrary non-stationary
starting state, we reformulate it as a perturbation on the aforementioned stationary state problem
and analyze the perturbation via Farkas’ Lemma.

4 CONVERGENCE TIME ANALYSIS
4.1 Stationary state performance: An online linear program

Let Q(t) = [Q1(), Q2(2), -+, Om(t)] be the virtual queue vector and L(t) = %||Q(t)||22. Define
the drift A(t) := L(t + 1) — L(¢).

4.1.1  Sample-path analysis. This section develops a couple of bounds given a sequence of penalty

functions f, (k) (k), cee, T(]i)l and constraint functions 91( 0),gl(k1), . ,g(kT) .- The following lemma

provides bounds for virtual queue processes:

LEmMMA 4.1. Foranyie€ {1,2,--- ,m} atT € {1,2,-- -}, the following holds under the virtual queue
update (9),

ZZ (k) 1’9§k)1 <Q1(T+1) +\IIZT:§: ‘ﬂ(k)HS(k)l”@(k) G(k)

t=1 k=1 t=1 k=1

where ¥ > 0 is the constant defined in (4).

Proor. By the queue updating rule (9), for any t € N,
Qi(t+1)

K
:max{gim O (g 1,6"‘)>,0}
k=1

(& ,,0%)

K
Z ztl’
k=1
K K
00+ 3 (e ) el )
k=1 k=1
K K
> el o) ;nw INCER R

—_
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Note that the constraint functions are deterministically bounded,

Substituting this bound into the above queue bound and rearranging the terms finish the proof. O

i, < Al s v

The next lemma provides a bound for the drift A(t).

LEMMA 4.2. For anyslott > 1, we have

A(t) < sz\P2 + Z Qi(t) Z (g9 .0).
Proor. By definition, we have

AW =210 + 1)IE - S I

m K 2
1S ((Q,m N ) : Qimz)

i=1

N S (6% ,.00) 10 ) :
<300 Y (03 55D )

i=1

Note that by the queue update (9), we have

K
> (gl 0)
k=1

Substituting this bound into the drift bound finishes the proof. O

< K. o7, = .

Consider a convex set X € R". Recall that for a fixed real number ¢ > 0, a function h: X — Ris
said to be c-strongly convex, if h(x) — §||x||§ is convex over x € X.Itis easy to see thatifg: X — R
is convex, ¢ > 0 and b € R", the function g(x) + F[lx — b||§ is c-strongly convex. Furthermore, if
the function h is c-strongly convex that is minimized at a point xyin € X, then (see, e.g., Corollary
11in [37)):

C
h(xmin) < h(y) - EHy - xmin”§, Yy € X. (13)

The following lemma is a direct consequence of the above strongly convex result. It also demon-
strates the key property of our minimization subproblem (10).

LeEmMA 4.3. The following bound holds for any k € {1,2,--- ,K} and any fixed o) e @)

m
k k k k k k
V(5. 607 —0) + > 0it) (g1, 6/) + all6f - 65115
i=1

m
k k k k k k k) k k
< V£, 00 =01} + > 0i(0) (&)1, 0) + all o - 0113 - all o - 012, (19)
i=1

This lemma follows easily from the fact that the proposed algorithm (10) gives Hik) e 0k
minimizing the left hand side, which is a strongly convex function, and then, applying (13), with

B(0) = V{0 -2+ 300 (6,00) v

Combining the previous two lemmas gives the following “drift-plus-penalty” bound.

-
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LEMMA 4.4. For any fixed {9>£k)}f:1 such that Qik) € ©0 andt € N, we have the following bound,

K K
k k k k k)
A@)+V § (£5.09 -0} + a § 16 — 012
k=1 k=

K m

3

< 2w v 3 (9,00 o) + ) 0t - 1)
k=1 i=1

K K
(gl 00) +a2||9<"> 0502 —a D 10N — 0PI (15)
k=1

k=1
Proor. Using Lemma 4.2 and then Lemma 4.3, we obtaln

K
Ay + Vv Y (E5, 009 - 09) +aZ|I9(k) %) |12
k=1

K K
1 S k k k) ok k k k)
<omK+ 3 0u(0) Y (g, 07) + v (65,60 - 015)) +aZ 16 — )12
i=1 k=1 k=1
1 K m K
k k k k k k k
gEmKZ‘P2+Z (£, 000 = 09) + > i) >~ (g}, 0%) +0(Z||0() o™ 112
k=1 i=1 k=1
o k k
—a 0% - o2, (16)
k=1

Note that by the queue updating rule (9), we have for any t > 2,

S (k) plk
2 (82 05)
k=1
and for t = 1, Q;(t) — Q;(t — 1) = 0 by the initial condition of the algorithm. Also, we have for any

o ¢ oh),
K
;Ké?p¢“>
=1

m K
D100 D (gl 01) ZQ(t—l)Z (8%),.0%) + mk?w2.
i=1 k=1

Substituting this bound into (16) finishes the proof. O

10i(t) = Qi(t — 1)] < < K ||| [l ], < k¥,

i,t-2

< k[jg®

i,t—2

95’””1 < KV.

Thus, we have

4.1.2 Objective bound.

THEOREM 4.5. For any {Qik)}K= in the constraint set (12) and any T € {1,2,3, - - - }, the proposed

algorithm has the following stationary state performance bound:

T-1 K T-1
% E(Z <ft(k)’6§k)) (Z f(k),gik)>)

t=0 t=0

’~] |

20K K292 vy 3 mK?¥?
+}X—V+mT + — Z‘S(k)|‘ﬂk)| mV ,

Proc. ACM Meas. Anal. Comput. Syst., Vol. 2, No. 1, Article 12. Publication date: March 2018.



12:16 X. Wei et al.

In particular, choosing & = T and V = \T gives the O(NT) regret

Z_’j (i (£ 9"‘)>> < lT_l]E(i £, 019 )
t=0 k=1 o T t=0 \k=1
P 5 1
; (ZK <5 Rl lfa]+ zmm) L

Proor. First of all, note that { gl . 1} % is 1.i.d. and independent of all system history up to ¢ — 1,
and thus independent of Q;(t — 1), i = 1,2, -- ,m. We have

K

B(0i(t - 1) (g ,.09)) = B(Qi(t - 1>>E<Z (gire- 1,0(“)) <0 (17)

k=1

where the last inequality follows from the assumption that {H(k)} is in the constraint set (12).

Substituting 0¥ into (15), taking expectation with respect to both 31des and using (17) give

K
E(A(t)) + VE(Z (£%. 6% — 615 >+ aE(Z 16 — 0 IIZ)

k=1
K K
3
< JmK 4+ VE(Z (£5. 0 - 9§’j)1>) + a]E(Z [ ||2) E(Z 16 — o™ ||§),
k=1 k=1 k=1

where the second inequality follows from (17). Note that for any k, completing the squares gives

V(8,60 — 6%)) + allo® - o) 2

t—1°
[ (g0 _ gk v owl VY [s®[|A®)]
2 (et 6#1) + szz‘fl ) N

Substituting this inequality into the previous bound and rearranging the terms give

>

2a

K K V2 vk 2| Q(k) (k)
VE(Z (£5.015) >< VE(Z (£5.0) ) E(A(t)) + L S| ‘ Z K2y

s
t-1°"t-1 t-1° 20
k=1

k=1
K K
k k k k
+aE<§ 6% — ”nz) E(§ 16 — o >||§>.
k=1 k=1

Taking telescoping sums from 1 to T and dividing both sides by TV gives,
L) - KT +1) | VI P SY[[A)]

K
0) — -
L5 s( 3 ) < St ) LT 20 VTR

k=1
k k k k
smi2w? @B(ZE 105 - 09 12) - aB(2E, 16 - 0712)
+ = +

2V VT
i (k) (k) V Zlk(:l ¥ |S(k)‘ |ﬂ(k)‘ 3 mK?¥? 20K

ft 10 0 + - + ,
P 2a 2 Vv VT

where we use the fact that L(0) = 0 and || — G(Tk_)l 12 < 6% — Q(Tk_)l Il < 2. O

Proc. ACM Meas. Anal. Comput. Syst., Vol. 2, No. 1, Article 12. Publication date: March 2018.



Online Learning in Weakly Coupled Markov Decision Processes 12:17

4.1.3 A drift lemma and its implications. From Lemma 4.1, we know that in order to get the
constraint violation bound, we need to look at the size of the virtual queue Q;(T+1), i = 1,2,--- ,m.
The following drift lemma serves as a cornerstone for our goal.

LEmMMA 4.6 (LEMMA 5 oF [35]). Let {Q, F, P} be a probability space. Let {Z(t),t > 1} be a discrete
time stochastic process adapted to a filtration {F;_1,t > 1} with Z(1) = 0 and ¥ = {0, Q}. Suppose
there exist integer ty > 0, real constants A € R, Sax > 0 and 0 < { < Syax such that

|Z(t + 1) - Z(t)| S6Inax, (18)

Bz + ) - 2017 < e T2O 20 (19)

hold for allt € {1,2,...}. Then, the following holds:

482 862
E[Z(£)] < A + toSmax + fo zj log | g;”],\lte{l,z,...}.

Note that a special case of above drift lemma for ¢y = 1 dates back to the seminal paper of Hajek
([17]) bounding the size of a random process with strongly negative drift. Since then, its power has
been demonstrated in various scenarios ranging from steady state queue bound ([11]) to feasibility
analysis of stochastic optimization ([33]). The current generalization to a multi-step drift is first
considered in [35].

This lemma is useful in the current context due to the following lemma, whose proof can be
found in Appendix A.2.

LEMMA 4.7. Let ¢, t > 1 be the system history functions up to time t, including fo(k), ... )

9 t_l}
g(()ki), ‘e ,ggli)l si=1,2,---,m, k=1,2,--- K, and %y is a null set. Let ty be an arbitrary positive

integer, then, we have

1Q( + D1l = 1Q() I, <VmK'P,

toVmKY, if QM) <
E[||Q(t+to>||z—||Q(t)||z|ff(t—1)]s{ el I > A

8VKY+3mK? V2 +4K a+1o(tg—1)m¥+2mK¥ntg+n* 12

where A =
nty

Combining the previous two lemmas gives the virtual queue bound as

8VKY + 3mK*¥? + 4Ka + to(to — 1)m¥ + 2mK'¥nty + n?t?

+ to\/mK¥
nto

E(IQ(®)Il2) <

4tomK?¥? 8mK?>y?
+ log > ] .
n

We then choose t;, = VT,V = VT and a = T, which implies that

E(I1Q(t)ll2) < C(m, K, ¥, p)VT, (20)

where C(m,K, ¥, 1) = % + 3"’{;# + @ +2mK¥ + 5 + VmKY¥ + 4’”1;2\1’2 log [Smf](;\yz].
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4.1.4 The slow-update condition and constraint violation. In this section, we prove the slow-
update property of the proposed algorithm, which not only implies the the O(VT) constraint
violation bound, but also plays a key role in Markov analysis.

LeEMMA 4.8. The sequence of state-action vectors ng), te€{1,2,---,T} satisfies
* k) m| AR [|SEIPE(|Q(t)ll2) [ABSE ¥V
E(I6, - 05)11,) < + .
2a 2a

In particular,choosing V = NT and a = T gives a slow-update condition
(||9(k) k) ) < | AB[|SE|E + C\/m|AF) || SE) | ¥
t— 1 2‘/?

(21)
where C = C(m, K, ¥, n) is defined in (20).

Proor oF LEMMA 4.8. First, choosing 8 = 0;_; in (14) gives

k k k k k k
v (£9), 60 — o9 ZQ' (g5, 60) + all® - 612

m
k k k k
< > Qi) 0% - allo) - 012,
i=1

Rearranging the terms gives

2010 - 012 < - v, 01 - 0 - ZQz(t)<g(k) 6 — g

t-1° i,t-1°

<VIES - 16 - 9("1||2+ZQl(t)||g("’ - 105 = 011,

i,t—1

k k) k k k
<Vl - 1087 = 0512 + 1Q(1) Iz anfﬁ_lll;nei) 05

where the second and third inequality follow from Cauchy-Schwarz inequality. Thus, it follows

(k) . m (k) 2
||9(k) (k) H VIE 2 + 1Q(1)l2 e 18—y Il
t - 2a ’

Applying the fact that ||f(k1||2 VIA®[|SK) |y, IIgEkt) 2 < VIAB||S®)|¥ and taking expecta-

tion from both sides give the first bound in the lemma. The second bound follows directly from the
first bound by further substituting (20). O

THEOREM 4.9. The proposed algorithm has the following stationary state constraint violation bound:

T-1 K

1

= E(Z (g%, 0 ) (c ¥ Z mIAB[ISE e + Z A |\Ifz)
t=0 k=

where C = C(m, K, ¥, n) is defined in (20).

Proor. Taking expectation from both sides of Lemma 4.1 gives

T K
SRS o)) <m0+ 493 S AT -4,

t=1 k=1 t=1 k=1
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Substituting the bounds (20) and (21) in to the above inequality gives the desired result. O

4.2 Markov analysis

So far, we have shown that our algorithm achieves an O(VT) regret and constraint violation
simultaneously regarding the stationary online linear program (11) with constraint set given by
(12) in the imaginary system. In this section, we show how these stationary state results lead to a
tight performance bound on the original true online MDP problem (1) and (2) comparing to any
joint randomized stationary algorithm starting from its stationary state.

4.2.1 Approximate mixing of MDPs. Let 7, t > 1 be the set of system history functions up to
time t, including f(k), -, t(fl), g(()’kl.), ,ggk)l pi=12,---,m k=12,---,K,and % is a null
set. Let d 2 be the stationary state distribution at k-th MDP under the randomized stationary
policy 7'[ ) in the proposed algorithm. Let v, () be the true state distribution at time slot ¢ under
the proposed algorithm given the function path ¥7 and starting state d® ie. for any s € S,
vl(‘k)(s) = Pr (sgk) = slﬂ) and v(()k) = d(()k).

The following lemma provides a key estimate on the distance between stationary distribution
and true distribution at each time slot ¢. It builds upon the slow-update condition (Lemma 4.8) of
the proposed algorithm and uniform mixing bound of general MDPs (Lemma 2.6).

LEMMA 4.10. Consider the proposed algorithm with V. = T and @ = T. For any initial state
distribution {d(() )} and anyt € {0,1,2,--- ,T — 1}, we have

(Hd (k) — Uy

where T and r are mixing parameters defined in Lemma 2.6 and C is an absolute constant defined in
(20).

) < or (|A0]|S®| ¥ + v [AD| |SO| @) [ 2VT + 2677,

ProoF oF LEMMA 4.10. By Lemma 4.8 we know that for any ¢t € {1,2,--- ,T},

law]|sw \/TS(H
E(”G;k) Q(k)H) |ﬂ H “F“LC mlﬂ || |\P

NT '

Thus,
A®] SO + cyr |A®)] 56| w

B(le:" - o5i],) < - :

k
0" (a,s) -

Since for any s € S*), |dﬂ_(k) (s) —(177r (s)) = |Za€ﬂ(k) 9 )(a s) — G(k) (a,8)| € Ypeam |0

it then follows

k
9;7)1 (a,s)|,

|A®||S®| ¥ + Cym |AB)||SE)| 9
)< (P -0)) < = @

E(Hdﬂ_(k) - d”(k)
t t-1
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Now, we use the above relation to bound E(Hdn( - Z)E )
t

E(“dﬁ;k) - Utk

‘ )foranytZr.
1
J <l -], ) + 2o -47],)
S‘ +E(Hd (k) —‘U(k) )
Zﬁ 1 ol
[A®||S©] ¥ + Cym |A®)] |S©)| ¥ .
: =z - 2)
2NT

where the second inequality follows from the slow-update condition (22) and the final equality
follows from the fact that given the function path ¥7, the following holds

(k)
P &
t-1

b e

d L)~ ‘U (d (k ) (k) ) P(’i)k) (24)

t 1

To see this, note that from the proposed algorithm, the policy 7r ) is determined by Fr. Thus, by
k)
()

definition of stationary distribution, given ¥7, we know that d ) = d P

nlk and it is enough to
Ty

T

show that given 77,

(k) _ (k) (k)
v, P (k)

(k (k) _(k

1> T ) and probability transition from
St_1 to sy, which are in turn determlned by #7. Thus, given TT, for any s € S,

First of all, the state distribution v, ) is determined by v

z)gk)(s) = Z Pr(st = SIS[,] = 5,57:7") (k) (S )

s’eSk)

and

Pr(s; = sls;—1 = s', Fr) Pr(s; =sla; = a,s,-1 = s, Fr)Pr(a; = als;—1 = 5", Fr)

acAK)

= Z Pu(s’,s)Pr(a; = als;—1 = s', Fr)
acAK)

— Z Pa(s’ (k) ’

= s',s)m, (als”) = Pn_ik:(s ,S),
acAK)

where the second inequality follows from the Assumption 2.2, the third equality follows from the
fact that JT(k) is determined by ¥, thus, for any t,

nik)(a s"y = Pr(a; = als;_1 = s, F7), Ya € AK ¢ e K,

and the last equality follows from the definition of transition probability (3). This gives

k
vi )(s) = Z P
sesw T

(5,52 (5),

and thus (24) holds.
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We can iteratively apply the procedure (23) r times as follows

E(Hd”(k) - UE ) )
t 1

[A®]|S®| ¥ + Cym |A®| [SE| ¥
<

+ E(H d (k) dﬂ(k)) P(k)
-2

T
1 1

)

2VT 0
NEC TR
. |ﬂ(k)|)S(k)|\1’+2(i/‘f|ﬂ(k)‘|3(k)‘q' +E(H(dn,‘k% (k))Pik‘)’f)szli 1)
<. <r. ‘ﬂ(k)|‘S(k)lq/j/‘flﬂ(k)‘ls(k)‘\y +E(H(dﬂt( ("))P(’El)r : P(kﬁ)fi 1),

where the second inequality follows from the nonexpansive property in ¢; norm of the stochastic

matrix P ()k) that
i1

d « —d _x
’ 1 T2

i

7
1

H d (k) d (k) P(k)

1

and then using the slow-update condition (22) again. By Lemma 2.6, we have

E(Hdﬂ_(k} -v

Iterating this inequality down to t = 0 gives

t r

| AR [S©| ¥ + Cym |AB|[S®)|
) ' 2NT

o

)

L/7] ABNSE |y + C ABSE) | g
T
N
1
Lt/z] QIO GIING)
o S A
sfm R ‘ﬂ(k)||8(k)|\y+c\/\iﬁ|ﬂ(k)| |S(k)|\y .
x=0 2NT
[A©ls )+ cvmAa®ljs©Oly L
<tr- T +2e 7
finishing the proof. O

4.2.2 Benchmarking against policies starting from stationary state. Combining the results derived
so far, we have the following regret bound regarding any randomized stationary policy II starting
from its stationary state distribution dyj such that (dy, IT) in the constraint set G defined in (2).

THEOREM 4.11. Let & be the sequence of randomized stationary policies resulting from the proposed
algorithm with V = \T and a = T. Let dy be the starting state of the proposed algorithm. For any
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randomized stationary policy Il starting from its stationary state distribution dyy such that (di, IT) € G,
we have

K
P ) P £ O[3 ¥ ).
k=1

Girldo, P) < o<m3/zf<z 3 ||| \/T), =12, m
k=1

ProoF oF THEOREM 4.11. First of all, by Lemma 2.7, for any randomized stationary policy II,
there exists some stationary state-action probability vectors {0( )} such that Q(k) e 0k,

T-1 K
Fr(dn,Tn) = Y 3" (B(f:),00),

t=0 k=1

and G; 7(d, IT) = th_Ol I,le <E(gi,t), 9£k)>. As a consequence, (dyg, II) € G implies G; 7(dp, IT) =

Hrs Zszl <E(g,~’t), G,Ek)> <0, Vi € {1,2,---,m} and it follows {H,Ek)}kK:1 is in the imaginary

constraint set G defined in (12). Thus, we are in a good shape applying Theorem 4.5 from imaginary
systems.
We then split Fr(dy, &) — Fr(dp, IT) into two terms:

Fl22

=0 k=1

k (k
f( (k) ))

T-1 K
Fr(dy, ) — Fr(do, TI (@B 0| dy 9) DB, 00))

=0 k=1

()

T-1 K
+ > (B((£,6) - (B, 0)) .
t=0 k=1
)
By Theorem 4.5, we get
¥ & 5
I < (21( t— Z [s®||A®)] + Esz\Iﬂ) VT. (25)
k=1

We then bound (I). Consider each time slot t € {0,1,---,T — 1}. We have

E((f.617)) Z Z (d w0 (5)7 (als) £ (a, S))

seSk) geAk)
k k k k (k k
B(£@ s do. 2) = >0 > B(ofV ) (als) £ (a,9)),
seSk) ge AK)

where the first equality follows from the definition of 9: and the second equality follows from the

following: Given a specific function path Fr, the policy n}k) and the true state distribution vﬁk) are

fixed. Thus, we have,

E(fP @R, s do.2.77) = > Y o0 @) P (@),

seSk) geAK)
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Taking the full expectation regarding the function path gives the result. Thus,

[E(£7 @] do. 2) - B((E7.0.7))]

5((e196) - 4,0 9)) 79 alo))| ¥

seSKk) geAk)
¥
1

SE( v( ) dﬂt(k)

Tr (1 + C\/ﬁ) |ﬂ(k)| )S(k)| 2
<
< T

where the last inequality follows from Lemma 4.10. Thus, it follows,

<

_t
+2¢7 Y

"’MH

& (o (1 ovm) pA®lls©er L
kz_;( T +2e¢ 7Y

K —_
< 3" (er (1-+ o) [ [s] ) VT + 2k [ T g
k=1 t

=0
<try? (1 + C\/ﬁ) i |.7l(k)‘ |S(k)‘ VT + 2¢e¥Krr. (26)
k=1

Overall, combining (25),(26) and substituting the constant C = C(m, K, ¥, 1) defined in (20) gives
the objective regret bound.
For the constraint violation, we have

T-1 K T K T K
c,-,Tuo,@):E(z S oW iarso) . @)-zy B(g).6,)+ 3 Y (5(e®).0
t=0 k=1 t=1 k=1 t=1 k=1

1) V)

The term (V) can be readily bounded using Theorem 4.9 as

T-1 K
{3 ) v Syt i
k=1 k=1

t=0

For the term (IV), we have

B o) = Y Y B 0@ <a|s>g<"><a,s>)

seSK) ge AK)
k k k (k
B(g1) (@5 = > > EEP e @ls)el @),
seSk) ge AK)

where the first equality follows from the definition of Qt and the second equality follows from the

following: Given a specific function path #r, the policy ﬂt(k) and the true state distribution Uik) are

fixed. Thus, we have,
E(gﬁk)(aﬁk’,sﬁk)ﬂ do, 32',7:7 Z Z k)(s k)(als)ggk)(a, s).

seSk) geAk)
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Taking the full expectation regarding the function path gives the result. Then, repeat the same
proof as that of (26) gives

K
V) < rr¥? (1+ Cym) Z |A®||S®]- VT + 2¢¥Krr.
k=1

This finishes the proof of constraint violation. O

5 A MORE GENERAL REGRET BOUND AGAINST POLICIES WITH ARBITRARY
STARTING STATE

Recall that Theorem 4.11 compares the proposed algorithm with any randomized stationary policy
IT starting from its stationary state distribution df, so that (dr, IT) € G. In this section, we generalize
Theorem 4.11 and obtain a bound of the regret against all (dy, II) € G where dj is an arbitrary
starting state distribution (not necessarily the stationary state distribution). The main technical
difficulty doing such a generalization is as follows: For any randomized stationary policy IT such

that (dy,II) € G, let { H(k)} be the stationary state-action probabilities such that G(k) e %) and
Gir(dn, 1) = t:() k:1 <E(gl,t), Gi )>. For some finite horizon T, there might exist some “low-

cost” starting state distribution dy such that G; r(do,II) < G; 7(dm, II) for some i € {1,2,--- ,m}.
As a consequence, one coud have

T-1 K
Gi,T(d09 H) < Oa and Z E(gl t) e(k)

t=0 k=1

This implies although (dp, IT) is feasible for our true system, its stationary state-action probabilities
{G,Ek) }le can be infeasible with respect to the imaginary constraint set (12), and all our analysis so
far fails to cover such randomized stationary policies.

To resolve this issue, we have to “enlarge” the imaginary constraint set (12) so as to cover all
state-action probabilities (0K r.; arising from any randomized stationary policy II such that
(do,II) € G. But a perturbation of constraint set would result in a perturbation of objective in the
imaginary system also. Our main goal in this section is to bound such a perturbation and show

that the perturbation bound leads to the final O(VT) regret bound.

5.0.1 A relaxed constraint set. We begin with a supporting lemma on the uniform mixing time
bound over all joint randomized stationary policies. The proof is given in Appendix A.3.

LEMMA 5.1. Consider any randomized stationary policy I in (2) with arbitrary starting state
distribution dy € S x - - - x S Let Pry be the corresponding transition matrix on the product state
space. Then, the following holds

(o — di) (Pr)’ |, < 2¢™=0/7, vt € {0,1,2,--}, (27)
where ry is fixed positive constant independent of T1.

The following lemma shows a relaxation of O(1/T) on the imaginary constraint set (12) is enough

to cover all the {G(k) }K discussed at the beginning of this section. The proof is given in Appendix
A3
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LEmMMA 5.2. ForanyT € {1,2,---} and any randomized stationary policies I in (2), with arbitrary
starting state distribution dy € S x - -- x S and stationary state-action probability {G(k)}

k=1’
T-1 K . K
k), (k k k
Z (th‘ 1@, s |d0,n)—Z(E(f§ .09 < ciky (28)
t=0 = k=1
-1 K
k MO (k k
=0 k=1
where Cy is an absolute constant. In particular, {9,£k) },Ile is contained in the following relaxed constraint
set
. X L GKY
G =10Weco® k=12 .K: Z (g)).00) < = ,i=1,2,---,m}.
k=1 T

5.0.2 Best stationary performance over the relaxed constraint set. Recall that the best stationary
performance in hindsight over all randomized stationary policies in the constraint set G can be
obtained as the minimum achieved by the following linear program.

T-1 K
1
= D (E(EN), 0®) (30)
T t=0 k=1
K
s.t. Z(E( ).00) <0, =12, m (31)

On the other hand, if we consider all the randomized stationary policies contained in the original
constraint set (2), then, By Lemma 5.2, the relaxed constraint set ? contains all such policies and
the best stationary performance over this relaxed set comes from the minimum achieved by the
following perturbed linear program:

min £ 373" (2 (). 00) 2
),
Tl‘:() k=1
K
st Z(E(gﬁ’? ).00) < KL oz (33)

We aim to show that the minimum achieved by (32)-(33) is not far away from that of (30)-(31).
In general, such a conclusion is not true due to the unboundedness of Lagrange multipliers in
constrained optimization. However, since Slater’s condition holds in our case, the perturbation can
be bounded via the following well-known Farkas’ lemma ([5]):

LEmMA 5.3 (FARKAS' LEMMA). Consider a convex program with objective f(x) and constraint
function g;(x), i=1,2,--- ,m

min f(x), (34)
s.t.gi(x) <b;, i=1,2,--- ,m, (35)
xelX, (36)

for some convex set X C R". Let x* be one of the solutions to the above convex program. Suppose
there exists x € X such that g; (x) < 0, Vi € {1,2,- -, m}. Then, there exists a separation hyperplane
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parametrized by (1, iy, o, * ++ , i) such that p; > 0 and

fx) + Z,uigi(x) > f(x*) + Z pibi, Vx € X.

i=1
The parameter p = (1, fiz, -, fim) is usually referred to as a Lagrange multiplier. From
the geometric perspective, Farkas’ Lemma states that if Slater’s condition holds, then, there ex-

ists a non-vertical separation hyperplane supported at ( fG™), by, bm) and contains the set

{(f(x),91 (%), s gm (x)), x € X} on one side. Thus, in order to bound the perturbation of ob-

jective with respect to the perturbation of constraint level, we need to bound the slope of the
supporting hyperplane from above, which boils down to controlling the magnitude of the Lagrange
multiplier. This is summarized in the following lemma:

LEMMA 5.4 (LEMMA 1 oF [25]). Consider the convex program (34)-(36), and define the Lagrange
dual function

q(p) = inf {f(x) + Zlﬂi(gi(x) - bi)} .
Suppose there exists x € X such that g; (x) — b; < —n, Yi € {1,2,--- ,m} for some positive constant

n > 0. Then, the level set V; = {1, 2, - -+ o fim = 0 q(p) = q(fa } is bounded for any nonnegative fi.
Furthermore, we have

1
ming <j<m {~gi(x) + b;}

(fx) —q(m).

max [|pll; <
peVy

The technical importance of these two lemmas in the current context is contained in the following
corollary.

COROLLARY 5.5. Let {G,Ek)} and {9( )} be solutions to (30)-(31) and (32)-(33), respectively.
k=1 k=1
Then, the following holds

T-1 K T-1 K
S ) 15 e - S
r=a 1=0 k=1 nT
where 1 is the constant defined in Assumption 2.3.
ProoF oF COROLLARY 5.5. Take
| o1 K
... (K) bl (k) (k)
£(e® =7 2, 2. (B
t=0 k=1
K
gi (@(1), . g(K)) Z <E(g§,kt))’ 9(k)> ,
k=1
X =00 xo® x...x @(K)’
and b; = 0 in Farkas’ Lemma and we have the following display
L I K m 1 T-1 K
k k
T < f(k) e(k + Zﬂl gi t) e(k) Z f(k 0( )
=0 k=1 i=1 :1 =0 k=1

Proc. ACM Meas. Anal. Comput. Syst., Vol. 2, No. 1, Article 12. Publication date: March 2018.



Online Learning in Weakly Coupled Markov Decision Processes 12:27

—(K
for any (9(1), e Q(K)) € X and some pig, iz, - - - , m > 0.In particular, substituting (9( U R Gi ))

into the above display gives

L o1 K ) | o1 K . m K T
7 22 (EE).8") > £ 2, 2, (B(F9),05) = 2 > (e(e).0”)
=0 k=1 =0 k=1 i=1 k=1
1 5 & CKY &
k 1
> = > D (E(ED).60) - == > (37)
=0 k=1 i=1
where the final inequality follows from the fact that (9( U ,EiK)) satisfies the relaxed constraint
k
le <E(g$kt)) 9( )> < CIK\Y and y; >0, Vi € {1,2,---,m}. Now we need to bound the magnitude
of Lagrange multiplier (,ul, -+, m)- Note that in our scenario,
T-1 K

|f (00, ,01) |

ZZ B(£®), o)

and the Lagrange multiplier y is the solution to the maximization problem

< YK,

max 5
pi>0,i€{1,2,---,m} q(p)

where g(p) is the dual function defined in Lemma 5.4. thus, it must be in any super level set
Vi = {p, p2. -+ s im 2 0, q(p) > q(j1)}. In particular, taking 7 = 0 in Lemma 5.4 and using Slater’s
condition (8), we have there exists oW ... 9% gych that

m m — — _ 24/m¥K
2= Nl < S5 (£ (00, 00) = | inf (00 ’9"“)) =

where the final inequality follows from the deterministic bound of | (8, - ,0(K))| by ¥K.
Substituting this bound into (37) gives the desired result. O

As a simple consequence of the above corollary, we have our final bound on the regret and
constraint violation regarding any (do,II) € G.

THEOREM 5.6. Let & be the sequence of randomized stationary policies resulting from the proposed
algorithm with V = \T and a = T. Let dy be the starting state of the proposed algorithm. For any
randomized stationary policy I1 starting from the state dy such that (dy,I1) € G, we have

K
Fr(do, &) — Fr(dp,11) < O (m3/21<2 Z |j{(k)‘ |S<’<>( . ﬁ)’

K
Gi,r(do, #) < 0<m3/2K2 Z |ﬂ(k)‘ |S(k)) . VT), i=1,2,--,m.
k=1

Proor. Let II, be the randomized stationary policy corresponding to the solution {Q,Ek) },Ile to
(30)-(31) and let IT be any randomized stationary policy such that (dy, II) € G. Since G; 7(dn,,IL.) =

tT_Ol Ik<:1 <E(gi’t), 9£k)> < 0, it follows (dp,,I1.) € G. By Theorem 4.11, we know that

K
Fr(do, &) - Fr(dn,,11,) < O <m3/sz Z |ﬂ(k)’ |3<k>) ) \/T)
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and G; 7(dy, &) satisfies the bound in the statement. It is then enough to bound Fr(dm,,IL,) —
Fr(dp, I1). We split it in to two terms:

Fr(dn,,1.) — Fr(do,I1) < Fr(dn,,11.) — Fr(dp, IT) + Fr(dn, IT) — Fr(do, II) .
(03} (I)

By (28) in Lemma 5.2, the term (II) is bounded by C; K. It remains to bound the first term. Since
(do,IT) € G, by Lemma 5.2, the corresponding state-action probabilities {9(") }K:1 of IT satisfies

—(k
Ik(:l <]E(g,-,t), G(k)> < C1KY¥/T and {Q(k)}kkz1 is feasible for (32)-(33). Since {Hi )}szl is the solution
to (32)-(33), we must have
Sy

k=1

~

-1

~

-1

K
Z B(EY),00) >

k=1

7(d, 11

~
I}
(=]

On the other hand, by Corollary

S )= 55,

t=0 k=1 t=0

Mmgm

<E(f(k))’9£k)> _GKAmY? Fr(dy L) - C1K*\m¥?
— LIy - =

==
I
—_

Combining the above two displays gives (I) <

w and the proof is finished. O

6 CONCLUSION

This paper considers online learning over weakly coupled MDPs where the coupling comes from
the global constraint functions, and the time varying objective and constraint functions can only be
observed after the decision is made. We develop a new algorithm along with a new framework for
analysis guaranteeing O(VT) regret and constraint violation simultaneously. The analysis proceeds
by first proving O(VT) regret and constraint violation on an imaginary system where stationary
distribution is reached instantly every time slot after the decision is made, and then bounding
the error between the true system and the imaginary system via an slow-update property of the
algorithm.

Note that the current algorithm and analysis assume the full knowledge of the transition probabil-
ities of underlying MDPs and the condition that the decision maker can observe the entire objective
and constraint functions over all state-action pairs each slot after the decision is made. It would be
interesting if one can relax the above assumptions, and develop algorithms with competitive regret
and constraint violation bounds. Specifically, the following two scenarios are worth exploring:

e Bandit setting: The decision maker can only observe the objective and constraint functions’
values corresponding to the actions on the current MDP state as oppose to those of all MDP
states.

e MDP with unknown parameters: The decision maker has no knowledge on the state space
and/or transition probabilities corresponding to different actions of the underlying MDP.
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A ADDITIONAL PROOFS
A.1 Missing proofs in Section 2.4

We prove Lemma 2.6 and 2.7 in this section.

Proor oF LEMMA 2.6. For simplicity of notations, we drop the dependencies on k throughout
this proof. We first show that for any r > 7, where 7 is specified in Assumption 2.1, P, P, -+ P,
is a strictly positive stochastic matrix.

Since the MDP is finite state with a finite action set, the set of all pure policies (Definition
2.2) is finite. Let Py, Py, -+, Py be probability transition matrices corresponding to these pure
policies. Consider any sequence of randomized stationary policies 7y, - - - , 7z,. Then, it follows their
transition matrices can be expressed as convex combinations of pure policies, i.e.

N N N
Pﬂ,1 = Z agl)Pi’ Pn2 = Z O(EZ)Piv . ’Pﬂr = Zalgr)l)i’
i=1 i=1 i=1

where 3N (xim =1, Vje({1,2,---,r}and algj) > 0. Thus, we have the following display

N N N
PmPnz "'Pnr = Zagl)Pi ZQEZ)Pi ZaEV)Pi
i=1 i=1 i=1

al’ al” PPy, Py (38)

i1 i

(ils ""ir)EQr

where G, ranges over all N” configurations.

Since ( fil agl)) ‘e ( iy alm) = 1, it follows (38) is a convex combination of all possible se-
quences P; P;, - - - P; . By assumption 2.1, we have P;, P;, - - - P; _is strictly positive for any (i1, - - ,i,) €
Gy, and there exists a universal lower bound § > 0 of all entries of P; P;, - - - P;_ ranging over all
configurations in (i1, -+ ,i,) € G,. This implies P, P, - - - P, is also strictly positive with the
same lower bound é > 0 for any sequences of randomized stationary policies y, - - - , 7.

Now, we proceed to prove the mixing bound. Choose r = 7 and we can decompose any
P, Py, - Py, asfollows:

Pr, - Py, = ST+ (1-5)Q.

where IT has each entry equal to 1/ |S| (recall that |S| is the number of states which equals the
size of the matrix) and Q depends on 7y, - - - , 7. Then, Q is also a stochastic matrix (nonnegative
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and row sum up to 1) because both P, - - - P, and II are stochastic matrices. Thus, for any two
distribution vectors d; and d,, we have

(dy—dg) Py Py, =8(d1 —dp) T+ (1-6)(d1 —d2) Q= (1-0) (d1 —d2) Q,

where we use the fact that for distribution vectors
(di—d)lT= —1-—1=0

Since Q is a stochastic matrix, it is non-expansive on ¢;-norm, namely, for any vector x, |[xQl|; <
[Ix|l;. To see this, simply compute

IS |1S]

IS|
IxQll = > Zx I EDY
j=1

Jj=1|i=

IS IS |S]

x| Qi = Z il = lxlh (39)

\
I
i=1

|
|x1sz
1

i=

i
j=1
Overall, we obtain,

(di = d2) Py - Ppr I, = (1=6) [[(d1 = da2) Qll; < (1=6) llds = all; -

We can then take 7 = _log(+5) to finish the proof. O

Proor oF LEMMA 2.7. Since the probability transition matrix of any randomized stationary policy
is a convex combination of those of pure policies, it is enough to show that the product MDP
is irreducible and aperiodic under any joint pure policy. For simplicity, let s; = (s(l), e ,s(K))
and a; = (a(l), e ,a(K)). Consider any joint pure policy II which select a fixed joint action
ae AW x - x A given a joint state s € SM) x - - - x S, with probability 1. By Assumption
2.2, we have

1 (K) |.(1) (K) (1) (K)
Pr(3t+1""’t+1 Splarr Sy Ly, )
_ 1 |.(D (K) (1) (K) (2 (K)
_Pr(t+lst 21T Sy Ay 5y ’t+1""7z+1)
(2) (K) | (1) (K) (1) (K)
'Pr(st+1""’t+13t""t 2 Gy T,y )
_ @ D (1) (2) (K) |.(1) sB L0 (K)
_Pr(t+lst » 4y )Pr(stﬂ"" Spe1 |Se oSy ATy )
K-1
k k k K 1 K 1) K
=...= Pr(iﬁl sﬁ), 5)) Pr(§+;s§),“,s§ ),a(t, aﬁ))
k=1
K
k k k
=[] pr (s [s:9.4") (40)
k=1

where the second equality follows from the independence relation in Assumption 2.2. Thus, we
obtain the equality,

K
Pr(s;+1 = s’|st =s,a; =a) = nPr (si’i)l =50k sgk) = s(k),a(tk) = a(k)) )
k=1
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Then, the one step transition probability between any two states 5,5 € S® x - .- x S can be
computed as

Pr(s;4 = §‘st =s) = ZPr(sHl = §|st =s,a; =a)-Pr(a; = a‘st =s)
a

Z 1_[ Pr (s(k) =35k ‘sgk) =5k, a(tk) = a(k)) - Pr(a; = a|st =s)

K
t+1
k=1

-

Pasogey (5,55,

>~
Il
—

where we can remove the summation on a due to the fact that a, is a pure policy. The notation
a®(s) denotes a fixed mapping from product state space S x - - - x S to an individual action
space AK*) resulting from the pure policy, and P, (s) (s(k), s”(k)) is the Markov transition probability
from state s©) to §) under the action a*)(s). One can then further compute the r (r > 2) step
transition probability from between any two states s,§ € S x - - - x SK) as

K K
Z o Z 1_[ P“(k)(s) (S(k)’ sgi)l) ' l_l Pa(k)(st+1) (silj—)l’ Sﬁ)z)
k=1

Sttr-1 St+1 k=1

K
. 1_[ Poto)(s4r-1) (sili)r_l’ g(k))
k=1

K
5 2 [ ru (0:5) sy (5582)

St+r-1 St+1 k=1

Pt (550059 )

t+r-1°

Pr(s;sr = §‘st =s)

For any k € {1,2, -, K}, the term

k) (k) (k) (k) k) =k
Pis) (s( )’st+1) “Pow)(s,,) (st+1’st+2) “ Pa sy, ) (st+r—1’s( ))

denotes the probability of moving from s(*) to §%) along a certain path under a certain sequence of
fixed decisions a'®)(s), a® (s;11), -, a® (sp4r_1). Let

s(k):(s(k) ORI )e$<’<>><--~x$<k>,ke{1,z,-~~,K}

t+1° 01422 > Ottr-1

be the state path of k-th MDP. One can then change the order of summation in (41) and sum over
state paths of each MDP as follows:

K
9= 3 3] [ (085) - Pai (52) a5

§(K) s@ k=1

We would like to exchange the order of the product and the sums so that we can take the path sum
over each individual MDP respectively. However, the problem is that the transition probabilities
are coupled through the actions. The idea to proceed is to first apply a “hard” decoupling by taking
the infimum of transition probabilities of each MDP over all pure policies, and use Assumption 2.1,
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to bound the transition probability from below uniformly. We have

(41) >mfz anwws) (s 5130) -+ Patws o (sier-1-5)

s(K) s@ k=2
(1) (1) 1) ~(1)
S(]}nf;l ey Pu ( t+1) ’ Pa<1)(st+r—1) (St+r—1’S )
i (k) OANS k) k)
z lsl(lfz Z 1_[ P 0 S) st+1) Pa(k)(5t+r—1) (st+r—1’ S )
sK) s k=2
(1) . C N 6))
”11) o) ; P ! ) l‘+1) P;rﬁ” (st+r—1’ s ) >
g

where 71'( ). ( ) range over all pure policies, and the second inequality follows from the fact
that fix any path ofother MDPs (i.e. sY), j # 1), the term

1 (k)
Z Pa(l)(s ( ) t+1) Pa(1>(5t+r—1) (st+r—1’s( ))
s

is the probability of reaching §) from s(!) in r steps using a sequence of actions a" (s(V), - - - , ) (s(tlJr)r_l),
where each action is a deterministic function of the previous state at the 1-st MDP only. Thus, it

dominates the infimum over all sequences of pure policies n( ) .. (1) on this MDP. Similarly,
we can decouple the rest of the sums and obtain the follow dlsplay:

ol ()ZP(M (s0.58) P (s _,.59)
o),

inf  Pw  _w (s(k),§(k)) ,
k=l T e k)T
=170 Ty

where P 28,0 ( (k) s(k)) denotes the ( (k) s(k)) -th entry of the product matrix P(kgk) - ~P(k()k).
ﬂr

G

Now, by Assumptlon 2.1, there exists a large enough integer 7 such that P’ (k) 20 is a strictly

positive matrix for any sequence of r > ¥ randomized stationary policy. As a consequence, the
above probability is strictly positive and (41) is also strictly positive.

This implies, if we choose § = s, then, starting from any arbitrary product state s € S x. - - xS,
there is a positive probability of returning to this state after r steps for all r > 7, which gives the
aperiodicity. Similarly, there is a positive probability of reaching any other composite state after r
steps for all r > 7, which gives the irreducibility. This implies the product state MDP is irreducible
and aperiodic under any joint pure policy, and thus, any joint randomized stationary policy.

For the second part of the claim, we consider any randomized stationary policy II and the corre-
sponding joint transition probability matrix Py, there exists a stationary state-action probability
vector ®(a,s), a € AV x - x AK) s € SO x ... x &) such that

Z ®(a,§) = Z Z ®(a,s)Pa(s,5), Vs € S x -+ x 8K, (42)
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Then, the state-action probability of the k-th MDP is G(k)(a(k), §(k)) = 250,40, itk ®(a, s). Thus,
Z ok (g®) 5y = Z Z ®(a,§) = Z Z D(a, s) Z Pa(s, §)
a®) 50, j#k 2 5O, j#k
—ZZCD(a s) - Pr (k)|a s ZZCD a,s) - Pr (k)la(k) (k))
- Z Z 60 (a®),50) . pr (5%4)]q®), s(k))

a®) 5k

=313 60 (@), 50) - P (s, 509)

k) sk

where the third from the last inequality follows from Assumption 2.2. This finishes the proof. O
A.2  Missing proofs in Section 4.1

Proor oF LEMMA 4.7. Consider the state-action probabilities {G(k) K r—; Which achieves the Slater’s

condition in (8). First of all, note that Q;(¢) € ¥;—1, ¥t > 1. Then, using the assumption that
{ ggkt) 1}kK | is ii.d. and independent of all system information up to t — 1, we have

K K
(ta—l (g% ,.0 ]ﬁ_l) (Z (g1 1,~)Ql<t—1>< —nQi(t=1).  (43)
k= k=1

1

Now, by the drift-plus-penalty bound (15), with o) = é(k),

K K
k) ok k k k) 3 k k
—v S, 000 - o) Z 10 = 653115 + ZmK*¥* + v 3 (£5.6%) 61
k=1 k=1
m K
® Gk
#2001 ) (g1 00) 4
=1 k=1
3 m K (k)
3 K22 (f— 50
SAVKY + - mK*¥ + Q- 1) ka g .6

,t=1°
i=1

K K

N(k (k) 12 n(k (k)2

+akz 16%) - 011 —akz 16%) - 013
=1 =1

K K
169 = 013 = D 10% - 61
k: —

1

where the second inequality follows from Holder’s inequality that

(69, 0% — 6| < 1Y) e 0 - 6| < 2.

t-1°
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Summing up the drift from ¢ to t + fp — 1 and taking a conditional expectation E(-|F;_1) give

E(HQ(t + 1)1 - 1QE) 12

t+ty—
<8VKY + 3mK2¥? + 22 ( Z 0i(r - 1)2 (g9_,.0®) 7-?1)

Ti-1)

K
+zaE(Z(ue<’<> o315~ 10 - 95’30“)%—1)
k=1

t+ty—
<8VKY + 3mK*¥? + 4Ka + 2 Z ( Z Qi(r - 1) Z (g9)_,.60) 9‘}_1).

Using the tower property of conditional expectations (further taking conditional expectations

(.

Fratg—1 " |7'}) inside the conditional expectation) and the bound (43), we have
t+t—1 K
E( o1y (e 1,9<">>|ﬁ1)
=t k=1
ttg—1
< —nE( > Q-1 ﬂ_l)
=t
to(to — 1)
2

to(to — 1)

< —ntoQi(t — 1) + ¥ < —ntoQi(t) + OT‘P + oK',

where the last inequality follows from the queue updating rule (9) that

K
<2 (e 00)

k=1

< Klig®™_llell6® 1 < K.

i,t—2

1Qi(t = 1) = Qi(t)]

Thus, we have

E(HQ(t + 1)1 - 1QE) 12

Fi-1)

m
< 8VKW + 3mK2¥? + 4Ka + to(ty — 1)m¥ + 2mK¥nty — 2nt, Z 0i(t)
i=1

< 8VKY + 3mK*¥? + 4Ka + to(to — 1)m¥ + 2mK¥nty — 2nto]| Qi (t) |2

SVKY+3mK* V2 +4K a+ty(to—1)m¥Y+2mK¥nty+n’t?
(;7([00 ) nto+ , then, it follows,

E(HQ(t + 1)1 - 1Q(E) 12

Suppose [|Q;(£)l2 >

Fiet) < -noll Qi (Dl
which implies

E(ug(t + 1) |2

Fit) < (10Ol - —)

Since ||Q; (t)]l2 = '77%, taking square root from both sides using Jensen’ inequality gives

E(IIQ(t + 1)l

7—:_1) <100l - L
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On the other hand, we always have

K
5 o 33, S0
k=1

o\ 1/2

(] o

k=1

1Q(t + D2 — 11Q(0)ll2| =

Overall, we finish the proof. m]

A.3 Missing proofs in Section 5

Proor oF LEMMA 5.1. Consider any joint randomized stationary policy II and a starting state
probability dy on the product state space S x S? x ... x SK)_ Let Py be the corresponding
transition matrix on the product state space. Let d; be the state distribution at time ¢ under II
and dy be the stationary state distribution. By Lemma 2.7, we know that this product state MDP
is irreducible and aperiodic (ergodic) under any randomized stationary policy. In particular, it is
ergodic under any pure policy. Since there are only finitely many pure policies, let Pry,, - - - , Prr,, be
probability transition matrices corresponding to these pure policies. By Proposition 1.7 of [22] , for
any I1;, i € {1,2,---, N}, there exists integer 7; > 0 such that (Py;,)’ is strictly positive for any
t > 1;. Let

7 = maxt,

then, it follows (Pp,)™ is strictly positive uniformly for all II;’s. Let § > 0 be the least entry of
(Pr1,)™ over all I1;’s. Following from the fact that the probability transition matrix Pyy is a convex
combination of those of pure policies, i.e. Py = Zfil aiPn,, a; >0, Zfil a; = 1, we have (Py)™ is
also strictly positive. To see this, note that

N 2 N
= (Z aiPHi) > Z 0{;[1 (Pni)T1 > 0,
i=1 i=1

where the inequality is taken to be entry-wise. Furthermore, the least entry of (Pr)™ is lower
bounded by §/N7~! uniformly over all joint randomized stationary policies II, which follows from
the fact that the least entry of + ~ (Pm)™ is bounded as

10 . (1 T
ﬁ;aiéz(ﬁ;ai) 5_NT1'

The rest is a standard bookkeeping argument following from the Markov chain mixing time theory
(Theorem 4.9 of [22]). Let Dy; be a matrix of the same size as Piy and each row equal to the stationary
distribution dp. Let ¢ = §/N™~1. We claim that for any integer n > 0, and any II,

Pl = (1-(1-¢)")Dn + (1 - ¢)"Q", (44)

for some stochastic matrix Q. We use induction to prove this claim. First of all, for n = 1, from the
fact that (Pp)™ is a positive matrix and the least entry is uniformly lower bounded by ¢ over all
policies II, we can write (Pr;)™ as

(PH o= EDH + (1 - E)Q

for some stochastic matrix Q, where we use the fact that ¢ € (0, 1]. Suppose (44) holds for n =
1,2,---, ¢, we show that it also holds for n = £ + 1. Using the fact that DyPy = Dy and QDpp = Dy
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for any stochastic matrix Q, we can write out PT‘(KH)

P =pn/ph = ((1- (1-#)") Dp + (1-)°Q") P
=(1-(1-2))DpP} + (1 - £)’Q"P;
=(1-(1-2)") Dy + (1-£)’Q (D + (1 - £)Q)
=(1-(1-9)")Dp+(1- ) Q" ((1- (1-2)Dy + (1-£)Q)
=(1-(1-¢)"")Dp + (1 - )/ *1Q ",

Thus, (44) holds. For any integer t > 0, we write ¢ = ryn + j for some integer j € [0,7;) and n > 0.
Then,

(Pn)’ ~Dri = (P)’ ~Dri = (1~ ¢)" (Q"P], - Dn)
Let P{ (i, ) be the i-th row of P{}, then, we obtain

max||P (i,") —dnlli < 2(1-¢)",

where we use the fact that the £;-norm of the row difference is bounded by 2. Finally, for any
starting state distribution dy, we have

|oPf, — ], = HZ do(i) (Pfy(i.) — dn)

= > do(0) [Py ) = d|, < max 1P (i) = dulls < 2(1 = &),
Take r; = logl finishes the proof. O

PRrOOF OF LEMMA 5.2. Let v; € S x - -+ x S(K) be the joint state distribution at time ¢ under
policy II. Using the fact that IT is a fixed policy independent of ggkt) and Assumption 2.2 that the
probability transition is also independent of function path given any state and action, the function

g( ) and state-action pair (at , sf‘ )) are mutually independent. Thus, for any ¢ € {0,1,2,--- ,T — 1}

K
(Zw o519 \do,n) NN awnes Yl ),

s€SWx---xSK) ae AW x-..x AK)

where s = [s(l), .- ,s(K)] anda = [a(l), .- ,a(K)] and the latter expectation is taken with respect
to gg(t) (i.e. the random variable w;). On the other hand, by Lemma 2.7, we know that for any
randomized stationary policy I, the corresponding stationary state-action probability can be
expressed as {Q,Ek)},fle with Qik) € ©%)_ Thus,

=

K
Z gfkt) Q(k) — Z Z dri(s)II(als) ; E(gg’kt)(a(k)’ s(k))) )

k=1 seSWx-.xSEK) ac AW x...x AK)
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Hence, we can control the difference:

K
k k k k k
(Zg() §>,s§)|d0,n) Z <> 9(>
t=0 k=1
T-1
< > D1 (wels) - du(s) H(als)| K
t=0 [seSDx...xS&K) ae AW x...x AK)
T-1 T-1

T-1
sK‘IfZ llo — dnlli < ZK‘PZ e(n=d/n < ZeK‘Iff e t/"dt = 2er, K'Y,
— — 0

where the third inequality follows from Lemma 5.1. Taking C; = 2er; finishes the proof of (29) and
(28) can be proved in a similar way.

In particular, we have for any randomized stationary policy II that satisfies the constraint (2),
we have

K T-1 K
T. Z (k) (k) Z E(Z g(k)(agk),sik) |d0,H) Z ggkt) (k)
k=1 t=0 k=1
T-1
+ E(Z g(k) (a; ,sgk) ‘d H) < 2eriKY¥ + 0 = 2er; K9,
t=0
finishing the proof. O
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